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Abstract

In this paper are given some applications concerning correct and self-
adjoint boundary problems with differential cubic operators. Also the

solutions of these problems are obtained.

1 Introduction

Correct and selfadjoint boundary problems with cubic operators have been stud-
ied by L.N. Parasidis and P.C. Tsekrekos in the paper entitled ”Correct and
selfadjoint boundary problems with cubic operators ” [2] which is going to be
presented in the Conference ”Computer Algebra” in St. Petersburg, Russia
2009. In this paper are given applications of the above theory and are studied
specific boundary problems, with integro-differential equations, which reduced

to the type

Bsz = A2z—Y (Ax, F') ym —S(A2%, F') ypm —G( Az, F*) ppm = f, D(Bs) = D(A?),
(1.1)

where A is one well known correct selfadjoint operator, the vectors Y € H™, §' €

D(A)™, G € D(A%)™, F € D(A%)™ and S,V satisfy ([3.3).

If an operator Bj is not cubic i.e. S, Y is not satisfy ( , then the

correctness and selfadjointness of the problems Byx = f can be proved by

the method developed in [I]. But if B; is cubici.e. By = Bs, the proof

of the correctness and selfadjointness is much simpler.

The paper is organized as follows. In Section 2 we recall some basic terminology

and notation about operators. In Section 3 we recall the theory of correct and
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selfadjoint boundary problems with cubic operators, give the remark we
prove also the proposition and, finally, consider some applications of this
theory.

2 Terminology and notation

By (x, f)u is denoted the inner product of elements x, f of a complex Hilbert
space H. For operators A : H — H we write D(A) and R(A) for the do-
main and the range of A respectively. An operator A is called correct if
R(A\) = H and the inverse A~! exists and is continuous on H. Let A be an
operator with domain dense in H. The adjoint operator A* : H — H of A
with domain D(A*) is defined by the equation (Az,y)y = (z, A*y)y for ev-
ery © € D(A) and every y € D(A*). The domain D(A*) of A* consists of
all y € H for which the functional z —— (Az,y)y is continuous on D(A).
An operator A is called selfadjoint if A = A*. An operator D is called cubic
if there exists an operator B such that D = B3. Let F; € H,i = 1,...,m.
Then F = (Fy,...,F,) and AF = (AFy,...,AF,,) are vectors of H™ and

F = (A2F A'F,F) = (A2F,,...,A2F,,,A~'F\,...,A"'F,,, F\,..., Fy,)
is a vector of H3™. We also write F* and (Az, F*)gm for the column vectors
col(Fy,...,F,) and

col({Ax, F\) g, ..., {Ax, F,,) ) respectively and denote by I,,, the identity m xm
matrix. By A~3 is denoted the operator (A\’l)S, by N*! the transpose matrix
of N, by (AFt F)pym the m x m matrix whose 7, j-th entry is the inner product
(AF;,F;)p and by (AF", F)gm the m x m matrix whose 4, j-th entry is the
inner product (AF;, F;) .

3 Some correct and selfadjoint problems
with differential cubic operators
We shall make use of the following [2, Lemma 3.3, Theorem 3.4]

Lemma 3.1. Let the operators B, B : H — H be defined by

Bx = Az — G(Az, F'\ym = f,  D(B) = D(A), (3.1)

~ ~ ~

Bsx = A%z — Y (Az, F'Y pym — S(A%2, F) yym — G(A2, F*) ym = f, D(Bs3) = D(A®),
(3.2)



where A is a selfadjoint operator on H, a vector G € D(A\2)m,
S =AG - G(Ft,AG) yn, Y = AS—G(F!, AS) .. (3.3)

and the components of the vector F = (Fy,...,F,,) belong to D(A3). Then
Bs = B3, i.e. B3 is a cubic operator.

Theorem 3.2. Let the operators A\, Bs : H — H and vectors G, S, Y be
defined as in lemma . We suppose also that A is a correct operator,
G = (IZF)C, where C is a m x m matriz with rank C = n < m and the
components of vector F = (A=2F, A~'F, F) (resp. A2F = (F, AF, EQF)) are
linearly independent elements of D(A®) (resp. D(//I\)) Then:

(i) Bs is selfadjoint if and only if C is Hermitian,

(i) dim R(Bs — A%) = 3n.(n < m),

(i41) Bs is a correct operator if and only if holds true
det L = det [I,,, — (AFt, F),;,.C] # 0. (3.4)
(iv) The unique solution, for every f € H, of the problem ( is given by

w=By'f=Af + [A2F + (A F)CL Y (FI F) o + FCL™ Y ((A=1Ft, F) .0
+(FELF) g CL™Y(FE F) 1) |CL™ Y, FY o + [ATTF (3.5)
FFCL Y FEF) 1 ]OL™ Y f, AV FY o + FOL™Y(f, A2 F) .

Remark 3.3. In applications we encounter operators By of the form

By = Au — Vi (w, 1) prm — Vo (t, J) prm — Vi (0, J8) prm = ,
D(By) = D(4?), (3.6)

where the vectors J;, Vi, € H™, i = 1,2,3. Then we are interested to know if
the operator B is a B3 operator defined by ( and so to apply the theorem
B2l To this end we work as follows:

1. we show that the operator Ain is correct and selfadjoint,

2. we find a vector F' € D(A\g)m and m x m matrices M;, i = 1,2,3 with con-
stant elements such that (u, JO) g = My (Au, FY) gy,

(u, JE) grm = Mo (A2u, F'ypgm  and  (u, J2) gm = Ms(A3u, F*) grm,

3. we find vectors Y =Vy,,My, S=Vo,,My e H" and G = V3, M;3E€
D(A)™  suchthat Y = AS—G(Ft AS),,. and S=AG-G(F! AG) .
If one of these steps fails, then B; is not identified as an B3 operator and so the

theory can not be applied.



Bellow H*(0, 1) denote the Sobolev spaces of all complex functions of L (0, 1)
which have generalized derivatives up to ¢ -th order respectively Lebesque inte-
grable, 1 = 1,2,3,4.

We recall [I} p.780] that the operator A : Ly(0,1) — Ly(0,1) defined by

Av=1i' = f, D(A) = {u(t) € H'(0,1) : u(0) + u(1) =0}  (3.7)

is correct and selfadjoint and the unique solution u of the problem ( is given
by the formula

.l
Alf= %/0 f(x)d:z:i/otf(:c)dz for all f € H. (3.8)

Then it follows easily [Il p.781] that the operator A? defined by

A% =—u" = f, D(A?) = {ue H*0,1): u(0) + u(1) = 0, v’ (0) + /(1) = 0}

(3.9)
is correct and selfadjoint and for every f € Ly(0,1) the unique solution u of the
problem ( is given by the formula

A_Q——t—xxscll—x r)dx
w= A-2f = /O(t ) f(2)d +4/0(2t 2w+ Vf(x)de.  (3.10)

Proposition 3.4. The operator A : Ly(0,1) — Ly(0,1) which corresponds to
the problem

Au = —in" = f, (3.11)
D(A) = {u € H*(0,1) : u(0) + u(1) = 0, u/(0) + «/(1) = 0, u”(0) + v”(1) = 0}

is correct and selfadjoint and for every f € L2(0,1) the unique solution u of the
problem (|3.11)) is given by the formula

t - 1
e 22 f(2)dr — L(2 — z)dx
ut) = A7 =5 [(—ars@ie— 1@ -0 [ f@i

ol

—% / 2t — (2t + V)& + %) f () da. (3.12)
0

Proof. 1t is evident that A= 23, where A is defined by ( . Correctness and

selfadjointness of A implies correctness and selfadjointness of A3 = A. Now we
will prove the formula ( [3.12). Let g(z) = A~'f(z). Then by ([3.10), ([3.8)



and Fubini’s theorem we have

A1) = A3 (1) = A2 (A f(1)) = A2g(a) = /Ou—z)g(x)dx

= /01(2t—2x+1)9(:1c)d:c:—/t(t—m) i/lf(wdy—i/xf(y)dy da
At 1 i [
—H/O(t—xdx/ fly dy+8/(t—2m+1dac/ fy
e [Crwa=-T [ jww ] /( v f()dy

4ol -
+ZZ / fly)dy — i / [2t — (2t + 1)y + v*]f(y)dy and finally we obtain
0 0

A—3f=;/(t—x) Fla)de — (1 —t/f (3.13)
P
~1 / 2t — (2t + D)z + 2] f(2)dz.
0
which, since A1 = 2_3, gives (3.12]). O

Example 3.5. The operator By : L2(0,1) — L2(0, 1) which corresponds to the

problem

1
Biu = —iu" 4 120¢1 [2¢3 (12 — t) +icy (2t — 1) — 1] / (2% — x)u(z)dx
0
1
Fhen 2t — 1 — 2icr (£ — 1)) / o (2)(42° — 622 + 1)da (3.14)
0

+5¢1 (2 — ) /01 W (z)(4x® — 62% + 1)dx = f(t), D(By) = D(A)

is correct and selfadjoint iff ¢; is a real nonzero constant. The unique solution
of ([3.14]), for each f € L3(0,1), is given by the formula

17icq (
84

u(t) =A-3f(t) + 22 [110 (265 — 5t1 + 562 — 1) -

1
5
(463 — 62 + 1)] / (423 — 62% + 1) f(2)da — % [t4 — 23+t
0

— 2t + 1)+
289¢2
7056
17icy

84

+

L(4e® — 6

(485 — 612 + 1)} /0 (2% — 223 + o) f(2)da + %
+1) /01(2355 — 5zt + 522 — 1) f(x)dx, (3.15)

where A3 f(t) is defined by ([3.13).



Proof. We refer to theorem If we compare equation ( with equation
( it is natural to take Ay = —iu/” with D(A3) = D(B;),m = 1, F =
413 — 6t2 + 1. Then we can take A to be defined by ( , A2 by ( .
It evident that F € D(A%), AF = 12i(t2 — t), A2F = —12(2¢t — 1), and that
(Au, F)p = fol i/ (z)(423 — 622 + 1)dx, (A%u, F)y = — fol u”(z) (423 — 622 +
Ddz, (Au,F)y = fol[—iu”’(x)](4ac3 — 622 + 1)dz. By integrating by parts
we have  (Au, F)y = —12i fol(a:2 — x)u(z)dr. Then fol(xz — z)u(r)dr =
E(Au, Py, [ o (2)(403 — 622 + 1)de = —(A2%u, F) g, [ o (x) (423 — 622 +
1)dz = i(A\3u, F) . Replacing these elements in ( we get:

Biu = A%u+ 10ic1[23 (12 — t) 4+ icy (2t — 1) — 1)(Au, F) g — 5eq[2t — 1
—2icy (12 — ) (A%u, F) g + 5icy (82 — t)(A%u, F) g = f(1). (3.16)

By comparing again ( with () we take Y = —10ic; [2¢3(t2 —t) +icy (2t —
1)—1], S=5c1[2t —1—2ic;(t* —t)] and G = —bici(t> —t). It evident
that G € D(A?) and F, AF, A2F are linearly independent elements of D(A). By
simple calculations we find AG — G(F?, 2G>Hm =5c1(2t—1)—10ic3 (2 —t) = S
and AS — G(F, A\S>Hm = 10c1[i + ¢1(2t — 1) — 2ici(t*> — t)] = Y. The last two
equalities, by lemma [3.1] show that the operator B; is cubic, i.e. By = Bs.
From G = (A\F)C it follows —5icy (2 —t) = 12i(t> — t)C. This equation implies
that C = —5¢1/12. We find (F', F)y = 17/35, (AF' F)y = 0. By theorem
[3:2 the operator B is correct and selfadjoint iff ¢ is a real number and det L =
det[I,, — (AFt, F);;,,C] =1—0=1%0. Hence L~! = 1. So By is correct and
selfadjoint if and only if ¢; is a real nonzero constant. If we substitute in (|3.8)
and (E f=F=4t3 -6t + 1, we receive AR = —i(t4 —2t3 4+ t) and
E‘QF = —5(2t° =5t +5t>—1). Then (f, A" F)y = zfo 2t =223 +2) f (x)dx,
(f,AT2F)g = —15 fol 22° — 5t + 52 —1)f( )dx and (A='F,F)y = 0. From
this and (. - we get the solution of the problem . 0

Example 3.6. The operator By : Ly(0,1) — Ly(0,1) which corresponds to the

problem
Biu = —iu"" + ey m?[(1 + 25¢1) cos 7t + (27 + 75¢3) cos 3wt + bi(sinwt  (3.17)

1
+9sin 37t)] / ' () (sin z + sin 3mx)dx — cy7?[sin 7t + 9 sin 37t
0
1
—5icy (cos mt + 3 cos 37t)] / v (z)(cos mx + 3 cos 3mz)dr — c1(cos it
0

+3 cos 3mt) /1 W (z)(sinwz + sin 3nx)de = f(t), D(B;) = D(A)
0



is correct and selfadjoint iff ¢; is a real nonzero constant.
The unique solution of ([3.17)), for each f € L3(0,1), is given by the formula

u(t) =A3f(t) + % { [sin 37t + 9sin 7t + 3icy (3 cos 7t + cos 3mt) + 9c (sin 7t
71'
1
+ sin 37t)] / (sina + sin 3wz) f (z)dx + [3 cos mt + cos 3wt — Jicy (sinwt
0

1
+ sin 37t)] / (3cosmx + cos 3mx) f(x)dx + (sint
0

1
+sin37rt)/ (9sinmz + sin 37z) f(x)dx, (3.18)
0

where A=3f(t) is defined by (13.13).

Proof. We refer to theorem If we compare equation ( with equation
( it is natural to take Ay = —iu/” with D(A3) = D(B;), m = 1, F =
sin7t + sin3wt. Then we can take A to be defined by (, A? by ([3.9)).

It evident that F' € D(A\3), AF = im(cos mt + 3 cos 3mt), A2F = 72 (sinmt +
9sin3rt) and that (Au, F)y = fol i/ (z)(sinmz + sin 3wx)de, (A%u, F)y =

- fol o’ (x)(sin mx+sin 3rx)dr = 7 fol ' () (cos Tz+3 cos 3rx)de, (Adu, F)y =
fol[—iu”’(:zr)](sin mx+sin 3mz)dx. Then fol ' () (sin Ta4sin 3ra)de = —i(Au, F) g,
fol ' (z)(cos ma + 3cos 3ma)dr = L(A%u, F)y, fol " (z)(sinTz + sin3rx)dr =
i(A%u, F) 5. Replacing these elements in ( we get:

Byu =A%u — icyw?[(1 4 25¢1) cos wt + (27 + 75¢2) cos 3t + 5i(sin it
+9sin 37t)] (Au, F) g — cey[sinmt 4+ 9sin 3wt — bicy (cos e (3.19)
+3 cos 3mt)|(A%u, F) i — icy(cosmt + 3cos 3mt) (APu, F) g = f(t).

By comparing again ( with (13.2))) we take Y = icym2[(1425¢1) cos mt+(27+
75¢2) cos 3t + 5i(sin 7wt + 9sin 3wt)], S = eyw[sinwt + 9sin 37t — Hicy (cos 7t +
3cos3mt)] and G = ici(cosmt+3cos3mt). It evident that G € D(A2). The
vectors F, EF, A2F are linearly independent elements of D(/T), since the corre-
sponding determinant of the Gramm matrix is nonzero. By simple calculations
we find AG—G(F", EG)HM = ¢yw[sin 7wt 49 sin 3wt — 5icy (cos 43 cos 3wt)] = S
and AS — G(F?, ES)HW = icym2[cos Tt + 27 cos 37t + Hicy (sin wt + 9 sin 37t)] —
icy(cos Tt + 3cos 3mt)(—25m%c?) = Y. The last two equalities, by lemma
show that the operator B; is cubic, i.e. By = Bs. From G = (A\F)C it fol-
lows icy(cos mt + 3 cos 3mt) = im(cos et + 3 cos 3wt)C. This equation implies that
C=ci/m. Wefind (F',F)y =1, (AF',F)y =0. By theorem the oper-
ator Bj is correct and selfadjoint iff ¢; is a real number and det L = det|[[,, —



(AFt, F)ymC]=1-0=1%0.Hence L~ = 1. So By is correct and selfadjoint
if and only if ¢; is a real nonzero constant. If we substitute in ([3.8) and ([3.10)
f = F = sinnt+sin 3¢, we receive A-lF = ﬁ(?) cos wt+cos 3nt) and A2F =
otz (9sin 7t +sin3mt). Then (f, A~1F)y = —5 f01(3 cos T + cos 3mx) f(x)dw,
(f,A2F)y = 5L [ (9sin7z + sin37z)f(z)dz and (A~'F,F)y = 0. From
this and ([3.5)), ([3.10) we get the solution of the problem (3.17). O
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